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How do the modes change as dynamic
parameters change?
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Relationship of (sl — F)-1to
State Transition Matrix, ®(,0)

Initial condition response

Time AX([) = (I)(t,O)AX(O)

Domain

Frequency

i Ax(s)=[sI-F] " Ax(0)

Ax(s) is the Laplace transform of Ax({)

Ax(s)=[ (s1-F)" |Ax(0) = £ [ax(1)]
= L[ ®(1,0)Ax(0) |= L[ ®(1,0) | Ax(0)

Relationship of (sl — F)-'to
State Transition Matrix, ®(7,0)

Therefore,

[sI-F]" = £[®(1,0)]

= Laplace transform of the state transition matrix

Alternative way to calculate the state transition matrix,

®(:,0)= L'[sI-F]"

In time or frequency domain, modes of motion depend on F

4
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How do the roots vary?

Characteristic equation defines the modes of motion

|sSI-F|=A(s)=5"+aqa, s"" +..+as+aq,

=(s=2)(s=2,)(.)(s-4,)=0

N

-
4 3 2

* Roots (eigenvalues) vary if a; vary
* a;are real, roots are real or complex

Real Roots

= On real axis in s Plane

* Represents convergent or divergent time response

= Time constant, T =-1/A =-1/u, sec

’s Plane = (0 + jo) Plane‘

Imaginary

A, = U, (Real number)

Stable

Unstable

x(2) = x(0)e" oG~
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Complex Roots

Occur only in complex-
conjugate pairs
Represent oscillatory modes

Natural frequency, w,, and
damping ratio, {, as shown

)“1 =l + Vv,
=—Cw, + jo \1-{

lz =U,+ jV, =W —jVv, 2 ;tl*
= o, - jo,1-0

Imaginary

@, (1-59%

Real

Unstable

s Plane = (0 + jo PlaneL

7

Natural Frequency, Damping Ratio,
and Damped Natural Frequency

L]

Imaginary

(S_ﬂ‘l)(s_j‘l*)zlis_(:ul +jv1):||:s_(/11 _jvl):l

=5 =25+ +v} ) 25" +200,s+ 0]

@,

—éj‘(u/7 Real
{w, =—u, =1/Time constant
, ( ) = Natural frequency

, =V=0 1= = Damped natural frequency
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Longitudinal Characteristic Equation

4 3 2
A, (s)=5s"+a,s" +a,s" +a;s+aq,

witth=Dq=0
=v4+(D +L/ -M )93
Vv VN q|*

+[(g_Da)L%N+DV(L%N_Mq)—MqL%NSz
+{Mq [(D"_g)L%N_DVL%N}+DaMV—s
+g(MVL%N @L%N)=O

How do the roots vary when we change M,?

... Or pitch-rate damping, M,?

D, +L%N - Mq)s3

lla=2 o [ )
; {Mq [(Da - g)L%N D, L%N
+ g(MV L%N -M, L%N) =0

TBD

A, (s)=s"+

+D,M, - DVMa}s
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Evans’s Rules for
Root Locus Analysis

Yl
i S
'oﬁf' gy
| Wal;;?wns

= (19211-43{?9) 2

- Parametric variations alter

Root Locus Analysis of Parametric
Effects on Aircraft Dynamics

Locus: “the set of all points whose

location is determined by stated

conditions” ! Short Variation with

Period +M
. _ o

eigenvalues of F

j Phugoid

+ With computers (e.g.,
MATLAB), repeatedly i
evaluate eig.m

. Without .... ? short |

Period

- Graphical technique for l

finding the roots as a

* Phugoid

parameter (“gain”) varies ———— . ,
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Parameters of
Characteristic Polynomial

A, ()=s'+tas’+a,s*+as+a,=0
=(s=2)(s=24)(s=4,)(s—A,)

= (s2 +2{,0, s+, )(s2 +20,0, s+, )

ngp

Break the polynomial into 2 parts to examine the
effect of a single parameter

A(s) =d(s)+kn(s)=0

Effect of a, Variation on

Longitudinal Root Location
Example: Root locus gain, k= a,

A, (s)= [s4 +a353 +a2s2 +a1s]+[k] 2 d(s)+ kn(s)
=(s—/ll)(s—/lz)(s—2.3)(s—l4)=0

d(s): Polynomial in s, degree = n; there are n (= 4) poles

n(s): Polynomial in s, degree = g; there are ¢ (= 0) zeros

_ A4 3 2
d(s)=s"+a,s" +a,s” +as

:[s—(O)](s—l'z)(s—/1‘3)(s—l‘4); four poles, one at 0

n(s)=1; no zeros
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Effect of a; Variation on
Longitudinal Root Location

Example: Root locus gain, k= a,

A, (s)=s"+a;s’ +a,s" +ks+a, =d(s)+kn(s)
=(s=A4)(s=A4,)(s—A,)(s—=2,)=0

d(s): Polynomial in s, degree = n; there are n (= 4) poles

n(s): Polynomial in s, degree = g; there are ¢ (= 1) zeros

d(s)=s"+a;s’ +a,s’ +a,
=(s=2")(s=2")(s=2")(s—A",); four poles

n(s)=s; one zero at 0

Three Equivalent Equations for
Evaluating Locations of Roots

A(s) =d(s)+kn(s)=0

I+k ) _ 0
d(s)
n(s) _ 11— +jm(rad) _ +180°
—d(s) =—1=(1)e (De




Evan’s Root Locus Criterion

All points on the locus of roots must satisfy the equation

ns) _

=—1
d(s)

i.e., all points on root locus must have phase angle =
+180°

k @ _ (1)eij180°

d(s)

Longitudinal Equation Example

L..-n_ Typical flight condition

A, ()=s*+a;s’+a,s" +as+a,
= 5" +2.575°+9.685% +0.2025+0.145
=[5*+2(0.0678)0.1245+(0.124)" || s*+2(0.411)3.15+(3.1)" |=0
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Effect of a, Variation

A, (s)=s"+2.575>+9.685s> +0.2025 +0.145 = 0
k=a,

A(s)=s*+a,s’ +a,s" +a,s+a,
=s(s3+a3s2+a2s+al)+k
=s(s+021)[ s* +2.555+9.62 |+k

Rearrange
k
- -1
s(s+021)[s* +2.555+9.62]
19
Effect of a; Variation
k = a,
A(s)=s*+a,s’ +a,s> +as+a,
=s'+a;s’+a,s" +ks+a,
= (s4 +a,s’ +a,s’ +a0)+ ks
=[57=0.000415+0.015][s* +2.575+9.67 |+ ks
Rearrange
ks

-1

[s2 -0.00041s + 0.015] [s2 +257s + 9.67]

20
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Origins of Roots (k =0)
n poles of d(s)

A(s)=d(s)+ kn(s)——=—d(s)

k

—_ ks

1 -
s(s+021)[ * +2.555+9.62 | [ 000041510015 ][ &' +2575+967] '

Positive a, Variation

_( A
(\
N

)
)
A

Real Axis

Destinations of Roots as k
Becomes Large

1) g roots go to the zeros of n(s)

d(s)+ kn(s) _ d(s)

. . +n(s)w>n(s)=(s—zl)(s—z2)---

’ 2) (n - g) roots go to infinity ‘

|

d(s)+ kn(s)} _ [d(s)

tk |————| Ttk | 5" £ R oo
n(s) n(s) s s

22
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Destinations of Roots for Large k

k ks
=_1 -
s(s+021)[ s +2.555+9.62 | [57=0.000415+0.015 || 5* +2.575+9.67 | !

llllllllllllllll

Imaginary Axis

nnnnn

23

(n - q) Roots Approach Asymptotes
as k—> o

Asymptote angles for positive k

O(rad) = M, m=0,1,....(n—qg)—1
n—q

Asymptote angles for negative k

orad)=2"" . m=01..(n—q)-1

n—q

24
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Origin of Asymptotes =
“Center of Gravity”

(Sum of real parts of poles minus sum of real parts of zeros)

(# of poles minus # of zeros)

n q
ZG&[ - ZGZJ‘
" i=1 j=1

cg.'=

n

n—q

25

Root Locus on Real Axis

« Locus on real axis

— k> 0: Any segment with odd number of
poles and zeros to the right on the axis

— k < 0: Any segment with even number of
poles and zeros to the right on the axis

L N2 N o\ s\
\J /N 7N O A

—OX—— X—O %—

26
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Imaginary Axis

Roots for Positive and Negative
Variations of k= a,

k
s(s+021)[s* +2.555+9.62]

Positive a, Variation Negative a, Variation

Imaginary Axis

Roots for Positive and Negative
Variations of k = a,
ks _
[s2 —-0.00041s +0.015] [s2 +257s + 9.67] -

11/27/18
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Root Locus Analysis of
Simplified Longitudinal Modes

29

Approximate Phugoid Model

2nd-order equation

-D, -8 [ Ty

Characteristic polynomi-al
|sI—F,,|=det(sI-F,,)=
A(s)=s"+D,s+gL, 1V,

=s"+2{w, s+,

w, =+gL, !V,

D,

S A
NI “

AV AV
AX, = = AST
Xy A Ay 0

11/27/18
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Effect of Airspeed on Phugoid
Natural Frequency and Period

Neglecting compressibility effects

pNVI\?S:l =

gﬁ = %[CLNPNS}

mV,

2g 2g
[mg]=—%-
fo Vy

np

T,=2r/w,, Period

= \/EJZ'VN / g =0.45V, (m/s), sec

31

Effect of L/D on Phugoid Damping Ratio

Neglecting compressibility effects and thrust sensitivity
to velocity, Ty

D, = %[CD‘N pNVNS]

D

— V
¢ 2\gL, 1V,

zCDNpNVNS/mZCDNPNV]\?S/2=L CDN é‘z;
225V, V2mg V2 C,, \/E(L/D)N
Natural Damping
Velocity Frequency Period L/D Ratio
m/s rad/s sec
50 0.28 23 5 0.14
100 0.14 45 10 0.07
200 0.07 90 20 0.035
400 0.035 180 40 0.018 .

11/27/18
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Effect of L/V)y Variation on
Phugoid Roots

k -_ gL|/vN
A(s)=(s>+Dys)+k i
=[S(S+Dv)]+[k] a _________________ Negetver, |
Change in damped -~
natural frequency -
A 2
wndamped = a)n 1 - C
o0 Reﬂ:xls o : 33

Effect of Dy Variation on
Phugoid Roots

k=DV

A(s)=(s>+gLy /Vy )+ ks

= [(s-i—j\/gLV 1V, )(s—j\/gLv 1Vy )]Jf[ks]

Positive D,

Change in damping ratio k

g

34

11/27/18

17



11/27/18

Approximate Short-Period Model
Approximate Short-Period Equation (L, = 0)

Aq Mli MO‘ Aq M&E
Axg, = ~ _ ASE
Yo [ Ad: } 1 —L% [ Act }L L%
Characteristic polynomial

L L
AS)=5"+| =%~ M |s—| M +M =
V 7 * v,

N

=s"+2{0 s+’

35

Effect of M, on Approximate
Short-Period Roots

k=M, 1.5 f
1 ...... P
» (L Vo [, L) :
A(S)=s"+|—*-M_ s M,—*-k=0| > 05} - -} T A
v £ :
AR e A
=|s+—2(s— —k=0 2 :
\ +VN)( ) Eosl |
Change in damped L A i
natural frequency -1.52 ] ' 5 ’

36
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Effect of M, on Approximate
Short-Period Roots

5
k=M, >
©
o
=)
£
Change primarily in =
damping ratio
-5
A(s)=s2+&s—Ma—Mq(s+ij -5 0 5
vy Vi Real

2 2
<>H_ B M]}H [ 5] +Ma}}_k(s¢_a)=o
ZVN 2VN 2VN 2VN VN

) =) .

Effect of L,/Vy on Approximate
Short-Period Roots

5 :
> g\
k=L/Vy £ A
g ° N
+ Change primarily E L’
in damping ratio ’
-5 :
-5 0 5
Real

11/27/18
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Flight Confrol Sysfems

5sl|ck
Pilots stick motion
: Off
Stick
motion 4—/0 6
transducer | SAS On SAS Atmospheric
Pilot’s Trim command input ot oon disturbances
ommand . ;
signal B Aircraft
— - motion
YommL__5. | JgiT c_| Actuator | * 8 | Aircraft variable, y
Iiontrollcr dynamics dynamics

Control
surface
deflection

Possible signal Off

from gliidance % SAS V; Sensor Motion feedback

system On  Feedback | dynamics
voltage
SAS = Stability Augmentation System 39

Effect of Scalar Feedback Control
on Roots of the System

piot |Vl 20 Aufs) KT Ay(s)
Command TCI W‘();d’:(ss{)
Wram alﬁbra\
kn(s)
Ay(s)= ﬂ(s)Au(s)— Au(s )——KA (s)
d(s) d(s)

= KT (5)[ &y, ()= Ay(s)]

AV(s)= KT (5)Ay,(5)— KI (5)A)(s)

40

11/27/18
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Scalar Closed-Loop
Transfer Function

Pkt Ay (s)  Ae(s) Au(s) _ kn(s) Ay(s)

Command r I H(s) d(s)
~——

|1+ K7 (5)|Ay(s)= KI (s)Ay,(s)

Ay(s) _ KA (s)
Ay (s) [1+KI (s)]

41

Roots of the Closed-Loop
Control System

kn(s)
Ay(s) d(s) _ Kkn(s) _ Kkn(s)
Ay, (s) |:1+Kk7’l(S):| [d(s)+Kkn(s)] A;‘losed(s)
d(s) ""”

Closed-loop roots are solutions to

A, ws (8)=d(s)+ Kkn(s)=0

loop

or

kn(s)

K =
d(s)

42

11/27/18

21



Pitch Rate Feedback to Elevator

Aqy(s)  Aefs)

ASE(s) Aq(s)

Co:::;nd ‘T_ K k%f%;;) =
Aq(s :S]E (S . ZgE )
KA (5)= K240 _ g =]
AOE(s) sS4 ZCSP(U”SPS to,
= #of roots =2 = Angles of asymptotes, 0, for

= #of zeros =1
= Destinations of roots (for k=
+o):
= 1 rootgoes to zero of n(s)
= 1 root goes to infinite radius

the roots going to «
= K->+0: —180 deg
= K->-: 0deg

43

Pitch Rate Feedback to Elevator

« “Center of gravity” on real
axis
Locus on real axis
— K> 0: Segment to the left of
the zero
— K< 0: Segment to the right of
the zero

Feedback effect is analogous
to changing M,

5
N\
g \
\
X S S—
© /
E /
7
-5
-5 0 5
Real

44
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Next Time:

Advanced Longitudinal Dynamics

Flight Dynamics
204-206, 503-525

Learning Objectives

Angle-of-attack-rate aero effects
Fourth-order dynamics
Steady-state response to control
Transfer functions
Frequency response
Root locus analysis of parameter variations
Nichols chart
Pilot-aircraft interactions

45

Supplemental Material

46
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Corresponding 2"d-Order
Initial Condition Response

Same envelopes for displacement and rate
15 15

&

3 °
g 0 -
o 9
2
s \V
-05 =05
1

47

Multi-Modal LTI Responses Superpose
Individual Modal Responses

- With distinct roots, ! A
(n=4) for example, . . &4
partial fraction : ‘ ‘
expansion for each

state element is L v
d d d d
Ax. = L 2 3 4 , _1’4
S T M CET N M S A CErR A

Corresponding 4"-order time response is

Ax, ()= deM+d, e +d, e +d, ™, i=14

l

48

11/27/18
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Magnitudes of Roots Going to Infinity

- —7180° —7360°
s Z R 50 o Re Y 5 oo

¢ = RY(na) ,=i180°/(n=q) _y

or RV gmi360% (=)

Magnitudes of roots are the same for given k
Angles from the origin are different

49

maginary AXis

1
8 { 4 /
6 { 3
4

s |
-4
=10
=10 -8 -6 -4 2 o 2 4 6 8 10 -5

Asymptotes of Roots (for k -> *x)

4 roots to infinite radius 3 roots to infinite radius

Positive a, Variation Positive a, Variation

Imaginary Axis

Real Axis -5 -4 -3 -2 -1 0 1 2 3 4
Real Axis

Asymptotes = =60, —180° ‘50

Asymptotes = 45, =135°

5

11/27/18

25



Summary of Root Locus Concepts

Destinations

of Roots
Origins
of Roots
Positive a, Variatj tive a, Variation

Imaginary Axis
Imaginary Axis

)/: I\

e

.

~~ Center
of Gravity -~

-8

-10 -8 -6 -4 -Rzeal AnXis 2 4 6 8 10 Locus on / Real axis
Real Axis

51

Effects of Airspeed, Altitude, Mass, and
Moment of Inertia on Fighter Aircraft
Short Period

Airspeed variation at constant altitude Mass variation at constant altitude
Dynamic  Angle of Natural Damping -

Airspeed Pressure  Attack Frequency Period Ratio i\ln:::tion 22::::"“ Period g:;:\oplng
m/s P deg rad/s sec % rad/s sec i
91 2540 14.6 1.34 4.7 0.3 50 24 262 0.44
152 7040 5.8 23 2.74 0.31 0 2'3 2'74 0'31
213 13790 3.2 3.21 1.96 0.3 50 2.26 2.78 0.26
274 22790 2.2 3.84 1.64 0.3 - = =

Altitude variation with constant dynamic pressure Moment of inertia variation at constant altitude

Natural Damping Moment of
Airspeed Altitude Frequency Period Ratio Inertia Natural Damping
m/s m rad/s sec - Variation Frequency  Period Ratio
122 2235 2.36 2.67 0.39 % rad/s sec -
152 6095 23 2.74 0.31 -50 3.25 1.94 0.33
213 11915 2.24 2.8 0.23 0 23 2.74 0.31
274 16260 2.18 2.88 0.18 50 1.87 3.35 0.31

52
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